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Real Valued Function _ S S
Let ftA-R be a function. Clearly domain of f is A,in other words ]

~

I s definéd on A Smco co-domain of *f is R we can say t ]at [is wal 3

vcducu function.

AMetnc ‘
Let X be anon-empty setand R be a/<1 eai numbers,
Let d X xX - K be a function
Then "d" is called ‘melric” on X, if "d" satisfies each of thc followmg four

s
condmcn.,- : N B [ = o .
) o % " 4 . {
\ L - 3 s Eh . , ~ f
(M) d(.xl.?(zJ =20 Vv Xu¥2 &2 : o e
. (1\’12; (Xl' xZ) = U = x = X ’ V x1, x2 =z X j T el T "~ r_.*‘,, L 1 - !

(M3, d %, %) = d(x; ;l ) VXX, €X i‘-m.metrlc Pro 3e1ty) % y‘“’ 73
3/ 1 z 20 A1, 1, X2 [

(Mx) : ci&xl,u) + d(x,,xr;) = Llf (],, ) V x,, \’2,,‘{3 e X (lnangulf.rlnequahh)t)4\_&

If "d" is a metrm on X then the pair (X, d is czumd metric space. :
L , i

Note_ -
The non-negative real number d(x;, x,) iscal led dlstamc betw ecn
points x; and x, in the metric "d". ;

Usual Metric on R

Lot d:R x R — R beametricon R givereby d(xy, x2) = lx; — %]
Then "d" is'talled a usual metric on R and (R','fd) 18 called usval metric

space. .

.

E |
Usual Metric on 8* o ; I ]
Let d: R* x R* '—> R be a metric on K& given by E ‘ : : __‘ J

4

A% &74\ ’L!‘xg.:f)’l.): (x:z_:,}’z.Jbz ‘/'(.'\1 .‘“:fz‘/‘)‘_—"*"’a_.‘f?’ '_i V)t R — ‘

"Then "d" is called a usual metric ors R* and (R?, 5 is usual metric space.
Usual Metric en R3 3l

. i P . - it

Lot d:R3 x R? -» R be ametricon 2% given by | _ B i\l%;"'

v L N7 N oL “"E

dl(""l'/l'71) (%2, ) Ya 20} == (g — 2k - ‘}’:)"‘ + (21— 220 ;i

Then "d" i called a usual inetric on 8% and (2%, d) is usual metric space. . : !‘
. Whenwe say that 2 isa metric space v iboul giving a metric on N
then it is assumoed that metric on R is “usuoi toetne” o T I

‘Similarly we take the case of R* and R?

=

- |




Example
Let X be the set of all towns marked on a plgne geographically map .
and let d(x,, x;) be the length of the shortest rout - from town Xxj to X3.
Show that "d" is a metric on X. ’

Solution
~ Here function d:XxX->Ris defined as

: d(x;, x,) =Length of shortest route fromttown x; 10 X;.

(My) Since (Length of shortest route from townX) to x,) =0 :

L e dlx) 20 : -
‘i‘ (M,) Let d(x, ) x;) =0 = Lépgth of shortest roule from town x; t0 X = 0

! . L : = X1 = .?Cz ‘ . i
" ' Let x4 =X, = Length of shortest route from town X, tox; =0 ‘»

L T = d(xx) =0
| . - .

i . M3)  Since d(x,, x;) = Length of shortest route from town x; to Xz | \

" =Lengthof shortest route from town X, t0 X3

‘[ = d(xZ',xl) '

L (My) Let x1,%2,%3 € X

Then x;, X3, X3 are non-collinear or collinear

‘1\ If xq,x, x3 are non-collinear, then they forpua triangle and we know
b
\

that sum of length of two sides of a triangle s always greater than the
o third side. ‘ _
‘1\- Y d(;ﬁ,xz\) + d(xz,x3) > d(xy, x3) === (i)
}\ Let xq,X3, X3 are collinear. :
1 Tl‘\el‘l d(xl, xZ) + d(XZ, X3) = d(xI,X3) e o= (11) ‘
| From (i) and (ii), we get
\ Cd(xq,xp) +d(x2,%3) 2 d(x,X3)
‘Hence “d” isa metric on X.

5 Example | |
l Let X = R be the set of all real number: and let d:R X R - Rbe '
defined by d(xq,%x2) = |x1 = x,| denotes the absolute value of the '
number x; — X2. Show that (R, d)is a metric spag:.
Solution -
Here function d:R X R — R is defined as

d(xuxz) = |x;— X3

(M;):  Since lx, —x21 =0
dlx,,x2) 20

(M3) Let d(x;,x,) =0 = |x; — x,| = 0.

= x,—X; =0

o = A T T

|

= X =X

Let x3 =X = x,—x;=0"
= |xg—x] =0+

= d(xpx) =0,

Thus d(xp, %) =0 & X1 = X,




(M3)  Since d(xj,'xz) = ‘x1 — %]
| | —l—(xy = %)

lx" - Xll

’ = d(Xer1)

X M) Since dny,x) = % T %l |
'i’ d(xz»xa) = |x; — x3| ‘

E d(xy,%3) = |6 — X3| | \

.5 Now -d(xl,x3)—-lx1—l3x E o . . e
: | | lX1v" X2 +£}’:1:J_c3| : _

% < Imq_l + lxz x3|

" = d(xl'x2)+d(x),X3)

1 /}/g/ - Thus(R;d)isa metric space.

| Vf Example

L L fet X=R?be a set of all ordered palrs(x y); x,y €R. Let
| ; - Pl(xl,yl) P,(x2,¥2) € RZ. Show that the non—neg‘.hve real .valued
function "d" defined by d(Py,P2) = lxq — X2+ ‘yln-mygl is a metric on R?
Solution | = '
" Here function d:R? X R? = R is defined as

» - d(Py,P) = X, — x| + ¥y = Y2l
(M) ,’Since 2, = x| + 1y~ ¥2l 20

. d(Plr Pl) 2 0

(M) Let d(P1,P7)—0 =l —xpl H 1y =¥l =0 P4
’ Clxy = x| = 0 ly1—y21 =0 ‘

==
= X - %=0 Y17 -y, =
> X=X K=V | k
= (xp,y0) = (Yz»}’z) oo s Y v -4,
' = ’ !
: !

_ Py =P -, e
Let P, =P, = (x1,y1) = (x2,¥2) ' ‘.
. = X=Xy Y1 E Y2
X, =X =0, Y1 = 9
= Jx; —xl =0 vy = 72l =0
= |xy —xalF ly, =yl =0 |
= d(P.Py) =0
Thus dfPl, p)y=0 & /= P,

Y

(M3\) ~ Since d\Pl,PZ) = |x, — xl. + Iv, - ! _
= |—(xz - ‘Xx)l + 1=y — ¥
= iy — x5 )+ 12— ¥l : v
= d(Py, P1) o -

©(My)  Since - d(Py,Pp) = o = %l 4ty = Val | - |
d(Pz;P,z) = |x, — Xl iV, Vsl
d(Py, P3) = by = X3l + Ly, == vl




Since d(Py, P3) = |x3 — x3) + 1y1 — Y3l
" = |xg —x; + Xz — X3l lyy = ¥z + Y2 = ¥sl
< xy = x| + [ — x50 + Iy =y, +1y2 — ¥l
= |x1"’ Xo| + l}’l B ARAE — x3| + |y2 — 3l
= d(Py, Py) + d(Py, Py)
Hence “d” is metric on R?.

Example
Let X = R%be a set of all ordered pairs(x,y); x,y € R. Let

P.(x1,¥1) P2(x2,¥2) € RZ. Show that the nor megative real valued
function"d" defined by d(Py, P;) = max (121~ x| 9 ly1—y2l)isa metric
on RZ. : '
Solution
Here function d:R* X R2 — R is defined as

d(Py, P;) = max ([x, — x| + 1y - )’2/)

P (My) Since max (|x; — %2l + ly1 — y.) =0
(~ |y — x| >0& |y, —y2120)

~d(Py,P) 20

(M2) Let d(P,P,) =0 = max (Ix; — x2| # |y1 -y, =0

PR e e ST

B e e

= |x; = x| =0, lya —¥21=0
= x;—x=0, 3{—}12:0
l“ = X = Xy ¥ =2
| = (xy)= (leyZ) :
> P=Ph

Let P,=P, = (x1,51) = (x292)

= X1 = X2 yr=12:
= x;—%x;=0, y,—3 =0
= lx; — x2] =0, lyy = 21 =0

| _ = max (|x; — x| 9 lyp = v21) =0
,3} ‘ ' Thtls‘ d(Pl,Pz) =0 = Pl =P2

il © (My)  Since d{, py) = max (1x; = x2| $ 1 = v21)
=max(|=(xz — x| ¥ 1= y2a — y)I
= max(|x; — x| 1y2 — 11l

:1 | = d(Py,Py) |




g i

M ,,‘"V K 5 )
B

/ (M Since 4P, ) = max (1 — 2l # s = yal) = I3 = %2l Gay)

d(P,, P3) = max (Ixz—x3l 9 ly. = ysl) = lx; = X3l (SaY)
d(Py Py) = max (Ix; = sl # Iya = ysD) = ¥ = %l ~ (say)
Now d(Py, P3) = |xy — x3| -
=[x, = X2 + x, = X3l
< |xy — Xl + lxy = X3l
= d(Py,P2) + d(pzi P3)

(We can get the same results in the remaining cases.)

o ’ Hence “d” is metric on RZ.
" Example e

?zt X = }Kbe a set of all ordered pairs(x,¥); xyeR Let,
Pl(xl,yl Pz(xz,fiz < R3. Show that the non-negative real valued

function "d" defined by d(Pl,PZ) = [(xy — x,)% + (y1 yz) ]2 is a metric

on R%. , PR
- Solution
He1e function d: R}x R%- R is defined as - B ,
T ey P =100 - ) +<y1—-v2)1 A
M) - Since [(x; = %2)° AL T S

. d(P,Py) =0

(sz  Let d(P,P)=0" = [(t — xz)z + (1 — }’2)2]% = 0 |
| (i —x)2+ 0 — y2)? =0,

-
= (xl.— x2)% =0, (1 — vy)? =0
= x,—x =0, Vi —y2 =0
= Xy = X2 Y1 =Y

=

(x1, 1) = (X2,¥2)
= P=P
let P,=P, = (x1,¥1) = (x2,2)
= Xy =Xz y1 =Yz
= x-%=0 yr—y2=0
I e
L ety =0

G = 2x2)* + 0~ y =0
= d(PerZ) =0

U

=




(M5)
[ ) LR SO it
= [(xz —x1)% + (2 = y)? :
=d(P,P)
(M)  Let Py(x1,¥1), P2(x2,¥2), P3(x3,¥3) € R? ther Py, P,, P; are collinear
~ or non-collinear.
If Pl, P,, P; are Coilinear, then . .
(P Py) + d(Py Py) = d(Py, Py) e e o
If Py, Py, P are non-collinear, then they fc ‘m a triangle' and we
“know that, we know that sum of lengfh of i vo sides of a triangle is
always greater than the third side. |
d(Py, P;) + d(Py, P3) > d(Py, P3) ---em e (2)
From (1) & (2) we get,
d(Py, Py) + d(Py, P3) = d(Py, P3)
~ Hence “d” is metric on R2.
Example

Since  d(Py,Py) = [(x; — x)% + (y1 — 2N

‘Let X =f%be a set of all ordered p. irs(x,¥); x,y € R. Let

Pl(xl,y%?ﬁPz(xz,)/z ¥R3. Show that the non- iegative real valued

1

function "d" defined by d(Py, P2) ='[(x1 — x2)* + (¥1 — ¥2)?]? is a metric

on R3.

(2™

Solution

(M1)

(Mz)

Here function d: R@ X R§—> R is defined as

d(Py, Py) = [(xy = x2)* + (1 — y2) i (2 — Zz)z]%

Since [(x; — %)% + (1 = ¥)? + (21 — 20?12 2 0
d(P;,P,) 20
Let d(P,P) =0 = [(x;—x)*+ 00—y )+ (7 = 2 = 0
= (-1 + =YY + (2 —2)° =0
(1 —x)2=0,(y1 = p2)* =0,(z1 —2)* = 0

=
= xl—x2:0; )'1—){_:0, z1—2,=0
= X1 =Xy V1= Y2 Z1 =23

= (X, y171) = (X, Y200 2)

= Pp=P




| Let Py = P, (%1, Y1, 21) = (X2, Y2, 22)
Xy = X2, Y1 =Y 'Zy = 22
X, =%, =0, Y172 =0, 21— 2% =0
(x, —x2)2=0,(y1 — y2)? =0,(z1 — Zz)}z =0

(x; —x)% + (1 — y,)2+ (2 — z)? =0

TN | A

= [(n “,xz)z + On =y + (21 - 22)2]'21_» =0
= d(P,P;) =0

(M;)  Since APy Py) = (61 — 22+ (s = 3 + (21 = 2
= [(~(r — X)) + (=02 = YO + (=G =2

= [(xa —x1)* + (}’2 V1) + (22 — 21)2]2
) —d(PP) —
(M4) ~ Let P1(x1:}’1uz1) Pz(xz’)’z’zz) P3(x3,¥3,23) € }8 then PerZ' P3 are -
collinear or non-collinear.
“If P,, P,, P5 are collinear, then o
d(Py, Pz) + d(Py, P3) = d(Pp P3) ~rmmemeenmmee= (1)
'1f Py, P,, Py are non-collinear, then they. form a triangle and we.
kriow that, we know that sum of length of two sides of a trlangle is
always greater than the third side. ‘

d(Py, Py) + dA(Py, Ps) > d(Py, Ps) (D)
From (1) & (2) we get,
d(Py, P;) + d(Py, P3) 2 d(Py, P3)
o Hence “d” is metric on R2.

Example
Show that every non-empty set can be given a metric and hence can

be converted into metric space. N
Solution
Let X be any non-empty set.
Lct d.: X x X = R be defined by

d(ryxe) = {1 if x, # X3

We shall prove that d. is a metrlc on X.
M)  Here dirx)20 (v dlnx)=0o0rd GLx)=1)
(M2) Let d.(x;,%x,) =0 = X3 =X ( By defmmt)_n) : _‘v'
Let x; = X3 = d,(x.x) =0 (BY definition ) ’

"Thus d.(x1,%2) =0 & X=X




8 \\\
o .
(M3) (i) Let do(x1,x2) =0 = X=X ( By definition ) |
= X, =X
= do(x2,%1) =0
| ) Let d(xux)=1 = x#x, (B definition )
S o X, E X, (BT
= d,(x,x) =1
““Hence in both the cases  d,(x1,%3) = do( 1, X1)
(M) Let x1,%5,x3 €X
(i) Let x; = X3 = X3 then d.(x1,x,) =0
| & d(rxs) =0
also  d.(x;,x3) =0
d(xy, xz) + d(xg x3) = d(x1,x3)
(ii) Let xq # X3 # X3 then d.(x;,%2) =1
& d.(x5,%3) =1
also do(xl,x3}l= 1
, d(xy, %) + d(xz,X3) > d ey, %5)
Similér type of verifica‘@fgn in all remaining cases lpads us to the conclusion
that d(xq,%2) + d(x,, x3) = d(x1,%3) V Yy X2, X3 €X
| Hence (X, d,) is a metric space.
Let X be any non-empty set. Let do: X X X = R be defined by .
aon=f) frae - Y
ﬁen d. is called discrete metric on X. . X “
. : i "

Question

Let C be the set of all complex numbers and let d:C X C - Rbe
defined by d(z4,22) = |21 — z,| dis a metricon €
Solution '
"Here function d: £x {> R is defined as
d(zy,z;) = |21 — Zy| '
(My) Since |z; — 22| =0
d(zllZZ) 2 0
(M)  Let d(z_l,zz) =0 = |z;—2]=0
= z;-2,=0
= 2y =2;




let z,=2, = 2z—2=0
= |z, -2,/ =0
= d(z,,z,)=0
Thus d(z,,2,) =0 & 2z, =2;
(Mg)  Since d(z1,22) =1z = 2|
‘ =|—(22 —~ Zl)l
= |z, — 7|
: = d(z3,21)
(M,) - Since d(z1,22) = |z —zZz|
d(z2,23) = |22 — z3]
d(zy,23) = |z, = 23]
Now d(zy,23) = |21 — Z3l
= |z — 2z + Zy* 23]
<lzy — 2ol 22 = 73]
=d(z,,22) + d(z3,23)

C (C,d) is a metric space.
Sueerr

Let d be a metricon X and letd: X X X = R be given by
d'(x1,%,) = min (1,d(x1,x)). Is d' a metric on X?
Solution ‘
Here function d’: X X X = R be given by
4 (xy, %) = min (1,d (21, x2))
(M;) Since min (1,d(xy,%2)) 20 |
8 (xy, %) 20

(Mp) Let d'(x;,x2) =0 = min (1,d(x1,x2)) =0

= d(x, %) =0 v 1% 0
= X, =X . "+ d is metric on X.
Let x; = X = d(x,x) =0 » d is metric on X.
= min(1,d(x, %)) =0
= d'(x;,x,)=0

Thus d’(xi,xz) =0 & X, =X

(M;) Since d (x1,%3) = min (1,d(x;,x2))
- =min (1,d(x2, %1)) "~ d is metricon X.

: =d'(x2,%1)
(M) Since d'(x;,x;) = min (1,d(xy,x2)) = d(xy,x;) (Say)
4 d'(xp, x3) = min (1,d(x5,%3)) = d(xz, X3) (Say)
d’ (xy,%3) = min (1, d(x1,X3)) = d(x,x3) (Say)
Since d is a metric on X.
d(xy,xz) +d(x2,%3) 2 d(xy, x3)
= d'(xy,xp) +d'(x2,X3) = d'(xq,x3)
- We get the same result in the remaining cases.

d' is a metric on X.

L
| —————
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Question

Let (X,,d,) and (X3, d) be two metric space:
Define d'[(x1,x2), (¥1,Y2)] = Yi ,di(x;,y). Ig d' a metric on Xy X X;.

Solution

(My)

(M2)

(M)

Here function d’: X; X X, = R is defined as

d'[(x1,2%2), (71, ¥2)] = Tieq diCxi, i)
=d (X1:){1) + dz("zd’z)

Since d;(x1,y1) +dy(xX2,¥2) 20
dy(x1,y1) 20, da(x2,¥2) 20
d,, d, are metrics on X; and X, respectively.
g d’((xpxz):(}’p)’z)) =0
Let d'((xpxz);(}’p}’z)) =0 = di(x,y1)+ da(x2,¥.) =0
' ' = dqi(x1, 1) =0, dz(xz'}’z) =0
= X1 =V, =Y
dy,d; are metrlcs on.X; X Xzz
= (x,%2) = Uz:)’z)

'Let ‘(xl.x;)=(y1.yz) = X1 = Yis =Yz

= di(x, ;) =0 d 2(x2,¥2) = 0
(+ dq,d, are metrics on X; & X, respectlvely)
= dy(x,y1) +da(x2,¥2) =0
= d'((xbxz)',(}“)’z)) =0
Thus d'((x1 X2), ()’1,}’2)) =0 & (x,x)= (y1,¥2)

Since d’ ((xpxz) (}’1')’2)) dy (x,y1) + d2<x2 )’2)
= di(y1, 1) + d2va. x2)

= d'((}’l'}’z): ':x1vxz))

(Mq,) Slnce dl((xl, xZ), (yl' yz)) ‘= dl (X1; }’1) + dz(xZI yZ)

. d/((ylt yZ) (Zl'vzz)) = d ()’1, 21) + dz(yh Zz)
d’ ((xlrxz) (21'22)) dy(xy,21) + dy (K2, 22)

NOW d’ ((xpxz) (}’1:)’2)) +d' ((}’1:}’2) (21'22)) = di(xp)ﬁ) + dz(xz:)’z)

-+ dl Y1, Z1) + dz(}’2: 22)

= dy (%1, y1) +d1(1, 21)

+dy (%2, Y2) + d2 (Y2, 22)

= d, (X_l, z1) +dy(x2, 23)

+ dy,d, are metrics on X; & X; resp.
| diCenyr) +dy(r121) Z di(xg,21)
\ & dy(x2,y2) + Ay (Y2, 22) = da(x2,2;) i
== d'((xl, x2), (le Zz))

d' is a metric on X; X X,.




Ry

Question o ®.. &!

" Let (X,,d,) and (X3, d;) be two metric spaces
Let d''[(x1,x2). (¥1,¥2)] = max (dl(xl,yl) d(x2,¥2))-
Is d" ametric on X; X X;.

~ Solution : : _
Here function d'’: X1 x X, — R is defined as

d”[\xl,xz) (y1,y2)] = max (d (xll\/l) dz("z.yz)) /’//\

(M) Since. max(dy(xy. 1) + da(%2,%2) 2 0) -
| d1(x1J’1) =0, d (xz')b) >0 |

e

¥
‘g -
. i e /
- dq,d,are metrics on X; and X, respeﬂtlvely S

_ d'v'((x1:x2): 628 2)) >0, ,
(M) g ‘Lét d"((x1:x2): ()%3’2)) =0 = max ,(d1(x1,‘_}’1)'d2(x2')"2)) =0
| . | ?'.dl(xl:.‘h) =0, dz(xz;}"z) =0
= X1 =Y Xy = Y2
(v dy.dy are metrics on X1, X, reépectively)
> (nx) = 0 vs) |
UEt (x1,%2) = O, ¥2) = X1 = Y1 X2 = Y2
= di(xy,¥1) =0, dz(xz y2) =0
dl, d,, are metrics on Xy, X, respegtlvely)
/ = mox (d1(Y1'}’1) da (%2, ¥2)) = 0
= | 'd”(_(xnrxz)e()’p)’z)) =0
: '_d”('(xp X2), (}’1:‘3’2)) =0 @ (X,x) = V1, ¥2).
(M3) ‘ Since d"'[(x;,x2), (y1, ¥2)] = max (d1 (x1,¥1), dz(xz'}’z))
| = max (dl(}’b X1), dz()’z»-’fz))
(- d,,d, are metrics on Xy, X, respectively)
= d"(Guy) %))
C(My) - Let. d”[(x,%2), (72, ¥2)] = max (da{xy, 1), dy(32,2)) = dsy(xi,y1) - (Say)
Oy (nz)) = max (d0nn). da(az)) = din) ()
d"[(xl,xz) (zi,z})] = max (dl(x.; ), dy(xp,22)) = dy (%1, 21) (Say}
: Since d, is a metric on X;.
N - - ‘»1(71:)’1) -d (}’1:71) 2 d, (‘11 11)
o= d (Xj,fz/:(vl;"")] + d 5, v (2, /7,] j”l\’clr'«;\ \/2113\2
(We get the same result in the remaining cases.)
a" 1~‘§ a metric on X; X .

s e 1 o

b min e i 4 et e
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Let (X, d) be a metric space and let d': X x X - R be given by
d'(xq,x5) = I%’;ii——). Prove that d’ is metri¢ on X.
1,42 .
Solution

Here function d': X X X — R be defined \[:\y

’ . d(x,x3)
d' (x4, x5) = __1+d(x1,x2)

d(xpxz) > 0
1+d(xqy,x2)

d(xy,x;) 20

'(Ml) - Since

d is a metric on X.
d'(x,%,) 20

M,) Let d'(x;,x,) =0 = -2&1%) _ 4
(2) 1 2

1+d{(xy,x;) -

= d(x,x,)=0

= x=x, (v dis@metriconX.) ”
Let . x; = x, = d(x,x) =0 (= dis a metric on X.)
- d(xy,x2) =0
o 14d(xgxy)

___>' dl(x_lvxZ) = 0

Tl‘lus d,(xl, Xz) - O = x1 = X2
_ . , . d{xy.x3) ) ) g 76’/742 o7 M
(M3) * Since d’(xy,x3) = Trdlens - 0[ 15 W
d(x2ﬂx1)
1+d(x5,xq)
=d'(x,,x,)

d(x1.x3)
1+d(xq,x3)

(M4) SlnCe d,(xl,xZ) =

d(x3,x3)
1+d(x2 X3)

d(x1,x3)
) = ey

d'(x;,%3) =

Lalxyxa) L d(x; xz) j)(z X3)

Now d'(xy, 2) + d' (x2,%3) = 1+d(x; xz) 1+4(x2.%3)

d(x1,%;) — d(x3,x3)
1+ d(xl xZ) + d(;\"z')(‘) 1+ d(xl,xz) +,d(x2,x3)
d(xy,%3) + d(x5, xil‘

1 + d(xl xZ) +d (xZ Xz)

d(xy,%3) (o d(x ) +d (% xg) = d(xq, x3)
d'(x;, %) + ' (¥2,%) 2 - 1+d(xq,x3) ( ; disa metrf:on X. e )

=d'(xy, x3)

d' is a metric on X.
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Questlon

Let X = R and d(xq,x2) = |x;

Solution
Let d(x,x,) =0 =

13

| + Ile Show that d is not a metnc on R.

|%1] +1x20 =0

= x| =0, lx21 =0
= x=0, x, =0
= X=X '

Let x; = X, lx:| = |x2|

Ix,] + 1x2] = [x2] + |x2| (‘Adding |x;| both 51de9) .

= .
=
= d(xy,x) = 2|x2|
=

d(x1;~x2)."_= C if |x|=0

i.e. d(xy,x;) is not always zero.

-+ d is not a metric on X. )

g_)_uestlon

Let X=R and d(xl,xz) = max (|x1| |x2|) Show that d1s not a

‘metric on R.

Solutmn
| ! Let d(xl,xz) =0 =

max (|x1], [x2]) =0

= ix1l7:‘. 0, |x,| =0
= x =0, x, =0 e
> x, =X / CTTT
Let x; =x, = [|tl=lxl
= max (Ix;], 1x]) = |x2] L

= d(xy,x) =0 if |x| =0

i.e. d(x;,x,) is notalways zero.

Thus d is not a metric on X.

uestion

Let (X, d) be a metric space and let d":X X X — R be given by
d'(xq,%x2) = —1—51(11-52 Prove that d*xs(me?-nc on X.

1+ d(xq,%2)

Solution

‘Let d"(xq,x,) =0

LU

=

1+ d(xq,x72)

1— d{x,x) =0 .
d(x,x) =1

Xy F X

o d isametricon X and d{x;,x;) =0 & X =Xy
Thus d'(x1,%2) =0 # x3 =%

Thus d” is not a metric on X.

b

b

_‘_i_-.;;_‘:g-"; ,

A —
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OPEN SPHERE

Open sphere

Let (X, d) be a metric space. Let x, € X and r > 0, then open sphere
with centre at x, and radius equal to r is denoted by S,(x.) and is defined
as Sp(x,) = {x|x e X, d(x,x.) <1} |

Note :
(i) Let X = {xo,xl,xZ,X3, X4,XS,x6,X7,x8 } and r> 0

Sy(x,) =?

Sr(x.)

Then by definition of open sphere S,(x,) = { x,, x1, x¢ }
(i) S(x)EX

() Sp() # o

(iv) Here we shall study the open spheres of the.following shapes.
' (a) Openinterval (b) Opendisc (c) Open ball
The shape of an open sphere depends upon the metric space (X, d).

" |

zq | ﬁn le .

i Let R be the metric space. Letxy = 1, r = -:—.find S1(1).
1 Z

»

- Here metric space is (R, d), where metric d: R X R - R is
defined as  d(xyx;) = |x; — x,] .
‘ We know that |
Sy(x.)={x|xeX, d(xx)<r}
Put X=R, x,=1, r$%

' l
N 1
S;(l):{xlxeR, d(lyc,1)<5}/ })(’//A//l
={x|xeR, |x—1!<§} o ///
=.{x]xeR,x—1<%,x_1>___é} i}/ ) a. .
’ J\e L
={xIXER,x<1+—;-,x>1-—% ,X/,(_,l, w"‘("')‘g\,
< HAR,
:{xlxeR,§<x<§} X<HI/?\°”(?;>);/&;
413 . AL r
o —]::g[ < T C >R :
Open sphere in this case is an open interval. -;— -2-

S
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Note

/ ‘ An open sphere in a usual metric space R is always an “open interval”.
Exam ‘ .
J Let the metric space be R? and let P, = (a, b) and r = 1. Find S.(P.).
- Solution

Here metric space is (R, d), where metric d:R xR =R is

deflnEd as  d[(xy, y1), (x2,¥2)] \/(xl —x3)% + (}’1 y2)?
We know that ' . _ )
S.(R)={P|PeX, d(P,R)<T]} Je. s

Put X=R? P=(ab), P=(y) r=1

. 'Sl(a’ b) = {(x:)’)Kx'}’) E RZ' d((x;‘)’): (a, b)) < 1} %!:!.""i‘ﬁ.ﬁ )

" .

(@@ R JG-ar+ - <1}

={xNIxy) € R? (x~=a)? + (¥ —b)* <1}
This is an open disc with ceritre at (a, b) and radius 1.

Note
. Anopensphereina usual metric space R? is always an “open disc”.
M .
Example
Let the metrigispace be R? and d; be the metric on R? defined by
d(Py, P2) = X1 —Xxz| + |y1 = ¥2l.
Let P, = (0,0)and r = -% Find S, (x.).
Solution : :
Here metric space is (R?,d,), where metric d;: R* X R? - R is defined
as d1[_(x1,J’1)f (xa)’&)] %y = 22| + 12 — 22|
- We know that
/ﬂ S.(P)={P|PeX, dP,P)<T} = Jo S
Put X=R2, P =(00), P=(xy), 1= W _
. — ‘ 2 : , 1
- 5:00) = {IExy) e R di((2). (00) < =}
— 2 — — 2
= { Iy € R: lx =01+ 1y -0l <}
. _ s .
= {IEy) € R: |2l + 1Y < 55} — e -
\ | whith v
\- ={xIE R txty<p
={(x'y)|(x.y)eR2. “TEr <l |
' i—ﬁ i«/z .
This is an open square with x-intercepts % "~ —and y-in tercepts -5 )
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Let (X,d.) be a discrete metric space. Let x, € Xand r >0

Find S,(x.), when (i) Tl @) r>1

Solution

Here metric space is (X, d.), where d.: X x X — R is defined by

< _ 0 lf xl = x2
do(x1, %) = {1 if x; # X,

We know that

Sr(x.) = {x|x € X, d(x, x,) < T} S

Lo

1)
Whenr<1 _
If x # x, then from equation (1)weg t 1 <r (False)
If x==x, then fromequation (l)weg t @<r (True)
Thus S,(x.)={x|lx€X, x=%}=1 %}
W’hen r>1 -
| If x # x, then fromequation (1)weg t 1<r (True) |
'If x =x, thenfromequation (l)weg ¢ 0 <r (True)
S.(x.)={x|x X, x=x, or X # X, }
={xlxeX x=x,JU{cxeX, x+x}
={x}UX - {x]}
=X

Thus

Note
From above example we conclude that
(i) An open sphere with radius less thanore ualtolina discrete
metric space is always singleton.
(ii) An open sphere with radius greater than ' in a discrete metric space

is always the full space X.
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Question - D N 4
Let C be the set of all complex numbers and let d:CxC - R be *»
defined by d(z4,2;) = |z; — z,|. Find §,.(x.) when X, = 1, r=0.01 -

Solution o _ .

The given metric space is (C, d), where d: C X C.— R be defined by

- d(zy,2;) =‘|Z1 - 2,| |

. Now  S.(x.)={xlxeX, d(x,x.) <7}

| CPutx=C x=1 r=001 .
= Seer(1) = {x|x€C, d(x,1) <001} L IS

={x|xeC, |x—1]<0.01} (1)/;4.—)/4 (.)OI
+(~Y ¢o-0!

i
Rd

Sincewxe(C &~ x=a+ib L

. o . -7
= X l=a+ib-1 \. :LLI#D'°'/’F"7,—°~15
- x—1=(a—-1D+ib vers 2> oM

> |x-1]=(a—-1)*+b? J°'CI°I,"°"£ |

‘ — °
S (D)= Som(D) ={ (@+ib)i(a+ib)eC, J@—1)2 +b? <001}
, — ((a+ib)|(a+ib) e C,(a— 1)+ (b =0 < (017} -
A This is an open disc with centre at (1,0) and radius equal to 0.01.

Question
Let d be a metric on X and let d': X X X = R be given by

d' (x4, x2) = min (1,d(xy, x,)). Describe S,.(x.).

- Solution : o o
Here given metric space is (X,d"), where d': X x X = R be given by
. d,(xl,XZ) = mln (1,d(x1,?¢2)) ‘ ' ' B
Now Sp(x.) ={x|x X, d'(x, xo) < r'} ' |

={x|x € X, min .(1,d(x1,x2)) <7}
This is the required open sphere.

Question . - o ‘
"~ Let (X, d) be a metric space and let d':X x X - R be given by
A = deaxa) : : R
,d (%1,%2) = 7 TR Describe Sr(x?).
Solution ' . |
Here given metric space is (X, d'), where d’: X X X = R be given by
d(x,,%a) e

d' (1, %2) =

1+ d'(xlrxz.‘l
Now S.(x) ={xlxeX, d'(x X,) <1}

Vd(xx,xz) < 7 }

= f'x|x € X,
Y 1+ d(x1,x2)

This is the required open sphere.

27 x-icoot ,--a—-nb-w
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i heorem _

B : Let x4, x, be any two distinct points of a i >tric space X. Prove that N
K \] there exist two open spheres §,,(x1) and S ,(x;) in X such that ‘
Ji N ;
| Sr(x1) NSy, (x2) = P | é
Proof |
r Let S, (x,) and S, (x;)
1 be two open spheres with centers _ W,_ s e ,
x; and x, and radii 7, and r, |
i . b f
il respectively. { !
: Let d(xy,x;) =1 + T3 | , |
] , o 7 !
- We are to prove that - i g ﬁ
. e 2
Sr, (xp) N Srz(xz) =¢ X L : :
: . ! {
~ We shall prove it by \K i
, contradiction method. '

by , ;

" ‘ Suppose S (X1) N Sy, () # |

, I

}( Let x €5, (x1) NS, (x3)
} ‘ =  xeS. (x) and xS, (x;)
| =  dlx)<rn and dix,x) <1, E e 01 § x,d) ,

Since. 1+ 1y, = d(xy,x;) < d(xy,x) +'d'(j;,';gj'{‘&t x, g.../ N, 4o g fio |
, : o Pts 9 o metrrc Space Y i

| | v d isametricon X. Lt Sy(";)a’# Sy(xy) Lo Gm’
= n+r<d,x)+dx, ) X, OPer Shhuren X |
> nAn<n+n [By (1)] : (U/ta preve S;}CK')”'SQCXP) :Q)I '
It is impossible. ’ Tha, %ﬁgz'(x:) ﬂSy'(x,)/ o

o .
Thus our supposition S, (x;) N S, (x,) # ¢ i wrong. - ny e m eg

Hence S, (x1) N S, (x2) = ¢ Therr /09_)2,) < d(’f,)x)dﬁ’?:)
41 +0. <& A.1I, .
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2 b er o, Buc ot NE S, OO0 < U b

‘ ‘ PEN SET o

Open Set ’ . \
Let (X, d) be a metric space. Let U c X.The U s called an open set, if

foreachx eU,ar >0, such that S,(x) = U.

ie. Uis called an open set, if each point of U is the centre of some open

sphere, which is contained in U.

P .
i

U is an open set. U is not an open set.

: // Example ,
| Let R be a usual metric space (The ordinary real number lme) and
let U=]0, 1[, then show that U is open.

Solution
Here metric space is (R d), vwhere d: R x R = R is given by

‘ - . d(xlsz) = lx‘l - le
F " Letx,eUr Letr>0
L Then S, (. ) = (xlx e R, d(xx) <7}

L ~ (xlxe R lx—xl <1} )
={x|xeR x—x, <7, X~ x°"> -7} :

={x|xeR, x<x,+m, x>x°—~r} .

={x|xeR, x.—T <x< X, + r} ('

| =%, =1, X +r[ o &
E We can fmd a value of r for which S, (x ) =]x, — T X+ T[E U‘=]0,11[ |
I Thus U=]0, 1{ is an open set. . }
_ v : i

—] .

J ‘ R |

0 1

Note ce
In the above example if we take x, = 0.99. Let r = 0.001 -

Then $y.40,(0.99) =]0.99 — 0.001,0.99 + 0.001[=0.981,0991[< J0,1

s T T e T =
- ==
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Example

Let R? be a usual metric space‘ (The or‘dinary\real plane)

Let U= {(x,y)|(x,y) € R%, x*+y% < 1} Show that U is an open set.
Solution _
%, d)b& & Here metric space is (R%, d), where d: R% 3R is given by

Ye: SPaes A[(x1, 1), Ce2, ¥2)] = /(xy — x,)% (V1 = ¥2)?
. "1’)

*XWet # e U. T
sove M Letd(0,p) =2
p/w—f Let r=1— 4, then r >0
/’ e . We shall prove that 5.(P) c U
/&Let PeS.(R)= dPP)<r

G
N

i

. c&”fm qQ :
I Md/éw Since (R*, d) is a metric space,
‘ 2 Lt v d(P,b) + d(P;0) > d(P,0) -

pé{; 7 r+A>d(P,0) prd) HE RS
i a’/ = 1=A+21>d(P,0) vr=1-=] .
o b 7% > dir,0)<1

(PhI)€ e = PeU I o
:,‘ /3 ﬂt Since P S, (P) = PeU. , | rgé\ '
47 ~ S (P)cu | | A ,.‘3“ ﬂ/b

s %4' Hence U is an open set.
s #Z »f Lxampie

e Let R beausual meiric space (The ordinar real pumber line) and
d frpﬂ@’ let U= {xjx € R, 0<x <1}, then show tlmt{Jis‘z)ﬂL

ve pen.
n : sngloolution :

Here metric space is (R, d), where d: R x R-Ris giveh by

et 2,2 d0nyx,) = fx; x| T
e /(44)4/(/ o h) e

° U:{x,xE.R,_OSJ\’<1} v @
=[0,1] Y, A T
Let x,=0¢eU, Let » >0 /[6/0 /)/
{8 Then $.(0) = {x[x e R, d(x,0) <7} A+ =
V"‘“r'/O//)éi ={xlx R, [x—-0] <7}

= {x|x e R, |x| < rj

| Y ={x|xeR, x<r, x -}
//6/}4-1 x|x X x> —r

&

={x|xeR, -r<xc< r}

| .
=]—-7r, +71] .
' & M We can find a value of » for which S-(0) =] --r +r[ € U=]0,1[
;; S é/ Thus U=]0, 1[ is not an open set. '
e $,t6) -
. —— R e

—_— ‘ . : 0
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Theorem
Every non-empty subset of a discrete metric space is open.

Proof
Let (X,d.) be a discrete metric space.

Let U € X such that U# ¢

We shall prove that U is an open set. o S R

Let x, € U
Let 0<r<1
Then S.(x.) = {x|x € X, d(x, %) <‘r,}
= {x.}. —_—

The open sphere ina dlscrete metric space, whose radius is less

then 1, is always sin leton. Tale (2 o : S
Since  S,(x.) =m€\5 . ' L
. N -‘_-_—“__——-—-——‘_—_-”UI,‘I % T »

= U isan open set.

Example

Let R be a usual metric space ( The ordinary real number line ) and

let U= {0}, then show that U 1szaf)en

Here metric space is (R, d) where d:R x R = Ris givenby
d(x;.x5) = %, = 2] |

Here U={0}

Letx —OeU Letr >0 _
"Then 5.(0) = {x|x € R, d(x,0) <1} | s

= {x|x € R, |x-0[<r}

= {x|xeR, |x| <1} - e L

= {x|x € R, x<Af, x> -}

={x|xeR, —-r<x<r}

=]-r, +7| | _
We can find a value of r for which 5,(0) =]—r,,+f[$U={0} '

Thus U= {0} is notan open set.




Theorem
| Let (X, d) be a metric space, then

(i) Union of any collection { U, : @ el } of & pen sets is open.
(ii) Intersection of finite number of open sets is open.
(iii) The Whole space X and the empty set ¢ are both open.

< Proof
i (i)  Let { Uy : a €1} be any collection of opensets in (X, d).

We are to prove that, aé{ U, is an open set.
Let x € o3 U,
4 Thener forsomeael

Smce each Uq is an open set therefore there e)ust r>0
| Such that S,(x) € U, forsomea €.

i = S(x) < o U,

= .8 U, isan open set.

(1i) Let {Ug:a=12,.... n } be finite collecticn of open sets in (X, d).

n ) i
We are to prove that N U, isanopenset. .~ '

a=1

’f‘ _ Let xe N U,

(¢4

= xelU, v a=1,l2,......n

1
i

f - Sipce each U, is an open set therefore there exist r > 0 -

A '  Suchthat S, (x)SU, Va=12...n

v p——

_ Let r=min{r,r,n, .. T }
’ " Then S (,c) c S (x) & Va=12, ....n
4 |
= S (x) S Ug Voa= 1,2, ...... n

= SEe N Uq
‘ ’ a=1
n
= N Ug is an open set.
a=1
(1ii) To show that empty set ¢ is an open set, we have to show that each
pointin ¢ is the centre of some open sphere %hich is contained in ¢.

But since there is no point in ¢, the condition is automatically

satisfied.
Hence ¢ is an open set. ,
Since every open sphere centered at a point of Xis Lontamed in X.

X is an open set.
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An opens phere in a metric space (X,d) is an open set. - - o 4

Proof -
Let S,.(x.)bean open sphere in (X, d). , o C a
Let x' € S.(x,) = d(x',x,) <7 |
Let d(x', x,) = /1
Let 'r’v= r‘— A, then ' >0

We shall prove that Sa(x') &< Sy (x.)
let xe S (x") = d(x,x") <r'

Since (X, d) is a metric spéce,

Cdx") +d(x,x.) = d(x, X0
'+ A>d(x x.) ,@f > A C»(.,oc/)
FoA+A>dxx) v =r=2

d(x, x) <r /
x e 5(x) | 35 < g o
Gince xeS.(x") = x¢& 5(x) , ;z
L Su) € 8,00

S,, Thus S,(x,) is an open set. '

/ Hence open sphere in a metric space is an open set.

Morem ’ : ' -
A subset U of a metric space X is open if and only if U is union of

, open spheres. R
Proof : '
Let (X, d) be a metric space. Let U < X. We have to prove that |

y ¢ U

Uis an open set < U is the union of open spheres.

We suppose that U is an open set. Since U is open therefore each ‘ ;

point of U is the centre of some open sphere Wthh is contained in U. {

Thus U is the union of open sphexes. ‘

Conversely suppose that U is the union of open spheres. Thus U is
- the union of open sets. ( Open spheres in metric space are open

sets. )

Since the union of any number of open sets in a metric space is an

open set. Thus U is an open set. ‘ . o
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ineorem

Let X be a metric space and let {x.} be a sngleton subset of X.
Then X — {x.} is open.

Proof
Let x € X — {x.}
Let d(x,x,) =1 ---mmm 1)

!] ’ - We shall prove that
Sr(x) € X —{x.}
' Let x' € Sr(x)
= d(x/,x) < T —meemmees )

J: ~ From (41) and (2) we get
d(x',x) # d(x,x,)
d(x,x') # d(x,x,) [+ disametricon X.So d(x',x) = d(x,x") ] -

x' # X,
x' & {x,}
x"eX—‘{xo}

A T T T |

Since x' € S,.(x) = x’ eX—{x}
Sfx)C/Y~{x}

L
Since every point x of X — {x,}is the ce tlc of some open sp'hez’
& e
~ contained in X - {x.}. : R

! Hence X —{x.} is an open set.

~» Questlon oo

Can a finite subset of a metric space be open?
Solution

We kriow that
(i) If(x.d.)is aydiscre'te metric space, then every subset of X is dpen.
’ Thercfofé a finite subset of a metric spaccr. is open.
~(11) If(R, d) is a usual metric space then {0} < R, f5 not open.
Therefore a finite subset {0} of R is not open.
Thus in general, we can say that, finite subset of a metric space may
br may not open. o

Metric Topology

The topology determiined by a metric is called “ metric topologv”.
pology d y . OpOLOg)
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Tisa collectionlof all open sets in a metric spacé (X,d),then T is

'

a typology on X.

(T,) Let UgeT

a=1 : o -

,  ( Intersegtion of fiRite number of open sets is open..)

n
= n Uy, €T ( By definition of T')
a=1 . ,
(T3) Since ¢, X both are\open.
¢, XeT ( By definition of T') -

Thus T is a topology\on X. -
i.e. (X, T) is a topological space.
etric space”

This shows that a “ is a “topological space” whose

| topology is “metric top logy”.

Theorem ‘
Every non-empty set can be given metric topology.

We know that
(i)  Every non-empty setcanb
metric space. :

(ii) Every “metric space” is a “to ological spac

\

given a metric nd can be converted into
"metric topology”.

Thus from (i) and (ii) we concluge that every non-empty set can be
given a metric topology. '

* whese topology is a
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CLOSED SE T

~

iR Closed Set
Let (X, d) be a metric space. Let F € X.
Then Fisclosed & F' =X —F isopen

_ -~ Example Covap it ,
s Let X = R be the metric space and let A ={a, b}, wherea,b e R, &
a < b. Show that A is closed set.
i Solution :
‘ The given metric space is (R, d), where d: R X R — R is given by
i d(xy, x,) =[x — X,
: Since A = [a,b] A,
311 A'=R~lab ©
i =] —oo,al U ]b, oo : ik R
| =lme | L] I
! i - La V) Rb —QC0 " | T » oo )
I x| BT '
In order to prove A is closed; we will have ® prove that A’ is open.
" Let x'ed = x'e€el,UR, ' -
’ = x'el, or x'€R,
Case-l If x'eL, then x' <a
Let d(x',a)=r
= |x'—a|l=71r \
= x'—a=-r =+ x'<a |
' x'4+r=a 1)
| Now S (x")={xjxeR, dlx,x')<r}
i o ' ' ; P
’ ={x|xeR, |x—x'|<r} -
: rF A =
TN ={xjxeR x—x'"<r, x=x >-r}
3 o
; ={x|xeR, x<x'+r, x>y -1}
51 ) ={xlxeR, x'—r <x<x'+r}
| =lx'~ral  [ByM]
ik | . -
!§ /\_» - “\‘( 1
) };‘J o] « ¥ x-:' b
‘i‘ . \\ ,’L J
;;iv ’ T a L
1N . . .
i A Thus  S.(x") =]x'=r, a]S L, SLyUR, = A4’
AL e semea
!vl /] . \ - I
; Hence in this case A’ is open.
i
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Case-II If x'eR, then x'>b

Solutlon

" Let d(',b)=r1

= x' = bl=r
= x-—b—r w x'>b

= x' —r—b ; (2) 

- Now Sr(x')'= {x|xeR, d(x,x)<r}

=(x|xeR, |x—x'|<r}

={x|xeR x—x' <, x—x'>-r}

={x|x €R, x<x +r, x>x' -1}
={x|xeR, x'—r1 <x<x' +r}

=]x"—r, x'+r[

=]b, x"+7] [By (2]
< [/ 11/ T'\\\
) L J\\ .xﬂr 4 ;-_—"
a b ~---
/Thus S(x),..—]b x' +r[C R QLaURp,=A’ e —
Hence in thlS caseA is also open. - . I K

Since in both the cases A’ is open. Therefore A is closed set.

| Exe ple

‘Let R% be the metric space.
Let F*{(xy)l(xy)eR2 (x-a)*+ (- b)2<1}
- Show that F is closed set. 4

Here given metric space is (R?,d) where d: R* x R? - R is

glven by dl(x1,y1), 0‘20’2)] \/(xl - X3)? +'(3’1 - ¥2)?

Here F={(xy)(xy)€R% (x—a)?+(y-b? <1}
Thus F' = {(xy)I(xy) € R, (x—a)?+(y—-Db)2>1}
In order to prove that F is closed, we will show that F’ is open.

Let P'e F'. Letd(P'R) =1
Let.r =A-1, cleér]yf >0
We shall prove that S (P’) SF !
Let PeS P = d(P P)<r
Since d is a metric on R?

& d(P',P)+d(P,R) 2 d(P\F)
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N
pt PEL

| , / .
rrdppys>a 0 A7 ECB lpislond a7 gpen phere

= Pt i .
= dP,PR)>A-r1 C/Zf)/edﬂ'f% thCj v
= dP,P)>A-(QA-1)=1 o W/L-Sw//’%’/_
| . A Sk, p)EA
= dP,R)>1 FA-DN
= PE‘.F' : | \/’IJ+I:' /
© Since P e(g(;"\): PeF' Falee Z’ﬁ”/ﬂ & §7’ (p,> '
S.(PYEF sk Hed (F PN
=  F'isanopenset. ﬁ” Fe /Mﬂ , 74 #é)z//”}‘
| =  F isclosed set. _ 4, o u,’% wd,_ﬁgf veclor éy""a"’&
ﬁ/) Example ' o f?
Let R? be the metric space. Fooo  Dosongle gty
Let A={(xy)I(x,y) e R? x*+y*> < 1}beasubsetof R%. , . /p’
Is A a closed set in R%? aAcCh,P) Q(&JP)*d(P/f)
Solution - apP) <€ A+ T
Here given metric space is (R?,d) wheye d: RZ X R? - R is
givenby - d[(xy,¥1), (x5, ¥,)] = \/(x1 - %)% + (1 —y2)?
Here A={(x,y)|(x,y) €eR? x?+y%2<1} y4 A= /J—l
Thus A’ =1{(xy)|(x,y) € R?, x2 + y:>1} c’/[f,;/ﬂ)'é// *(J'J)
‘ In order to prove that 4 is closed, we will show that A is open. 4 ‘

Let P e A'. Letd(P',0) =2
Let r=4—1,~ clearlyr >0
We shall prove that S,.(P') € A’
Let PeS.(P) = d(P,P)<r
Sinc‘e d is a metric on R2

» d(P',P) +d(P,0) = d(P',0)

= r+dP.O>A oA App
= dP,0)>2A-71

> dP0)> A-(i-1) =1

>  dP,0)>1

> Ped

v Sy

Since P €5, (P) = Ped
S.(PYc A’

= 4’ isanopen set.

1

= A is closed set.

)

a6, P- L
P & F/

peS (')
fc f/(V,)
F 5 ik



29 , : .

Example

Let R be the real lme and let A ={xlxeR 0<x<1l}bea subset

of R.Show that A is not closed.

Solution | |
The given metric space is (R, d), where d: R X R - R is given by

d(xpxz) = [x; — xp]

Here A='{x|x‘eR,Osx<1}
= [01]
A=R-A

=] 0[U L]
Note that, 1 e A We take X =1, and r >0

Then S,(x.) ={x|x € X, d(x,x)<r} o .
Putx,=1 and X=R “ . Lo "
S, (1) ={xlxeR dx 1) <r}

= {xlxeR, |x—1]<7)
={x|x €R, x'—1<r, x—=1>-r}

~

={xv|xER, x<1l+r, x>1-r}
={x|xeR, 1-r<x<1l+r} . s

=]1-r, 1+ 7]

ButS, (1) =]1~-r, 1+ r[gA Vr>0 5.1

Thus A" is not oben. : ( ;,f\/

= Aisnot closed. :00 L L '\\L,)w ;o
1

| A 0
' Aeorem I

A subset U of a metric space is open if and only if X — U is closed.
Proof AR subscl F -, « @ v o e F Uy

Let (X, d)be a metric space. We have to prove that
- Uisopen ¢ X —Uisclosed.

Suppose Uris an gpen set. ,

Then (X-U) =)  =X-“A=" e

- =U (Open set) S
Since (X — U)' isanopenset. | o T
X — Uis a closed set.

Conversely suppose that X — U is a closed set.

Then (X — U)' is an open set.

= (U")'is an Qpen set. v X=U=U

= U isan Open set. o
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Theorem
Let X be a metric space. -
(i) Intersection of any collection { F : a € I} of closed sets is

closed.

(ii)  Union of finite collection { Fq,F2, ... ... ,F .} of closed set is closed.

iii) X and ¢ are closed.

Proof :
(i) Let {F,: ael}beany collection of closed sets in &, d). (x

Then F,'isopen. V a €l

VE/ w 1s open. (* Union of any numper of open sets is open)

= acl

» ! .
= (ael F,) isopen. - o F = (ael

0 F, is closed. o(ltfd —[Iﬂ Fl.ﬂF oo

= acel
(ii) Let{F,:a=12,..,n}beany flmte colleetion of closed sets
Then F,' isopen. V a=12,..,n

n y) .
= N Fqlis open (~ Intersection of finife number of open sets i

a=1

!

n ! A n n \
= ( y Fa> is open. v N E =< U Fa>
Q : a =1 p

=1 a =1

= \?Jl F is closed.
a=1 |
(iii) Since @' =X — ¢ = X which is open.
| = ¢ isclosed. |
And X' =X =X = ¢ which is open.
= X is closed: |
Question
Is N closed in R? . ~
Solution
Here N = {l1,2,3, ...... }
N'=R=N
=] -®1[U112[ U123 [V

= Union of open intervals in R

¢. %,
@:‘J\\
é -
-719’

for)
- ot

in (X, d).
!

s open)

= Union of open sets (-~ An open intervalg in R is an open set)

= Open set (*+ Union of any number of open sets is an open set )

Since N'is an open set.

= N is a closed set.
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Limit Point
Let (X,d) be a metric space. Let AS X and x. € X. Then x, is

| .
called limit point of A if each open sphere centered at x, contains at least

one point of A different from x..

(Fig-1) S,0)  (Fig=2) S, (Fig=3) .0
In Fig—1, x. is a limit point of A. '

In'Fig—2, %, isalsoa limit point of A.

: i ~ InFig—3, x..is not a limit point of A.

Theorem

_'% \/ "~ Let(X,d)bea discrete meiric space. Let A & X. Then A has no limit

l point. \
| Proof | . -
| ‘ Consider the discrete metric space (X, d.).
! Here d.: X X X = R is defined by
|
!

(0 ifx,=x, IR
du(xpxz) - {1 if xl + Xy B g o o

We have to prove that, A € X has no limit poi'i'u.-;

; : We shall prove it by contradiction method.

| | Suppose ¥, € X such that x, is a limit point o A..

{ Let 0<r<1 then S.(x.)={x} -—-—-{1)

s In é discrete me&ic space the open sphere with radius less than 1 is
always singleton. o
Here (1) shows that S,.(x.) contains 1o poim of A different from x..
Thus x. is not a limit point of A.

Hence A has no limit point.
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'1 ! '
= . Question
: = Let R be the metric space. Let A ={x|xeR x‘—‘}l 'nEN} bea :
3 ‘ subset of R. Show that “0” is a limit point of A.

t Solution

H Here metric space is (R, d), where d:R X R —» R be defined by

I Ay x,) = |, = 13|

\ Here 4={1121,..)

_fj Then S.(0) ={x|xeR, d(x,0)<r}, r>0

LM ' ={x|xeR, |[x-0|<r}

“ 3‘ = {x[x €R, |x| <r}

}‘ ={x|lxeR, x<7r, x>-r}

%1 | ={x|lxeR, —-r<x<r}

=l-r. 47l |

%; ' Clearly for every r > 0, S,(0) =] —r, +r [ contains a point of 4

Lk’! different from “0”. |

i Thus “0” is the limit point of A.

» Question o
| ‘ o Let R be the metric space. Let A = {xlx eRx=1lorx=1 + ;11_ ,NE Nh}x‘:'-',
: | ‘be a subset of R. Show that “1” is a limit poirt of A. )

j Solution ,

i He#® metric space is (R, d), where d: RX R > R be defined by
it d(xy,%2) = [x1 — x5

“ Here A={x|xeiR,x=1orx=1+%,nEN} . |

; ' ={xlxeR,9;-—;1}U{x|xeR,x=1+1/n,neN}
=muf{2is..} |

i (238}

f Now S,.(1) ={x|xeR, d(x,1) <7}

'i ‘ ={x|xeR, |x—1|<r)}

f ={x|xeR x—1<r, x—1>~1}

’i ={x|xeR x<1+4+7r, x>1-Yy}
={x|xéR,1—r<x<1+r}

Il =]1-7, 1+ 7]

il Clearly forevery r >0, S,(1)=]1-7r, 1+ r| contains a point of A

‘ different from “1”.

1. Thus “1” is a limit point of 4. -

lil

L -
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Question . .
"1' Let R be the metric space. Let A = { x|[x € R, 0 < x <1} beasubset
. of R. Show that “0” and “1” are the limit point of A.

Solution o :
Here metric space is (R, d), whered:R X R = R be defined by

. d(x1'x2) = |x; — %2
"Here A={x|xeR, 0<x<1}

=10, 11
(i)  First we shall prove that 0" is the limit point of A.

Now S.(0) = {x|x € R, d(x,0) < ry; >0

L ={x|xeR Jx=0]<T)

e

= {x|x € R, |x| <7} I s

={x|xeR, x <r x>-r)

={x|xeR —-r<x<r}
‘ =]—-r, +7(
. Clearly for every r>0, S.(0)=]~r, +7 [ contains a point of A

, | different from “0”.

- Thus “0” is a limit point of A.

(ii) Now we shall pi‘ové that “1” is‘thé limit point of A.
"~ Now | Sf(l) = {x|x eR, d(x, 1) < Ir} -. L ‘ o . T

={x|xeR, |x—1] <r}

={x|xeR x—1<r, x=1>-7]} ;

: - ={x|xeR, x<1l+r, x>1-r}.
: - ={x|xeR, 14r<x<_1+r}
L | =]1-7,1+7]

i - - Clearly for every >0, S;(1)=]1-r, 1+7 [ containé a point of A

_ , 1 | 1

different from “1”. ' |
| . . . . .‘ i

: Thus “1” is a limit point of A. - l\
_ _ | |

. . Question . v _ _ -
" Let R be the metric space. Describe the limit points of the followings.

@ N (b) Z ' ' |

Solution - . o i;\

Here metric space is (R, d), where d:RXR - R be defined by '

d(xi'x'z) = |x; — X,




(a) Here N ={1,2,3,..}

Let a € R be alimit point of N.
‘ Then aeN or ag¢ N

L Case-1 WhenaeN
i Then S,(a) = {x|x €R, d(xf a)<r}; r>0
={x|xeR, [x—a| <7}

={x|]x€R, x—a<r, xX—a>-r}

={x|xeR, x<a+r, X>a-r}
'-—_-{xlxeR, a-r<x<a+r}

=la-r,a+r]

Clearly for every v>0, S.(1)=)a-r, a+ r[ contains no

i“ 177

point of N different from “a”.

Thus “a” is not the limit point-of N.

Case - II When a € N, we can also prove that “q” is not a limit poinit of N.

Thus N has no limit point.

() Here Z={.... -3,-2,-1,0,1,2,0, ... )

Let a € R be a limit point of Z.

Then aeZ or agZ

"Case-Iv Whena e Z

Then S,(a) = {x|x e R, d(x, a)<r}; r>0

={x|xeR, |[x—a|]<r}

={x|xeR x—-a<r, X=a>-r}
={x|xeR x<a+r x a—r}

={x|xeR, a-r<x<arr}

=la—-r, a+ r[

Clearly for every r>0, S,(1)=]a~r, a+ r [ contains no
point of Z different from “a”.

" ’”

a” is not the limit point of Z.

Thus

Case - II Whena & Z, we can also prove that “a” 15 not a limit point of Z.

Thus Z has no limit point.




NEIGHBOUR‘I:OI_OOD o
f %< (%, O/ */ ""/ /'\
ﬂ Neighbourhood ) 7/ // /

‘Let (X,d) be a metric space. Letx, € X. Let N € X. Then N is called a
heighbourhood of x, if 3 an open sphere S, (x,) such that x, € Sp(x.) € N.

Let R be the usual metric space Letx, = 0 € R. Show that] — 1, r[

1-r, rl[-7, r[, and [—r r},(r>0)isa nelghbourhood of 0.
\"; : Solution : _
:

\‘\; Exa ple
%

We know that,

In a usual metric space R, the open sphere is an open interval.

| (1) ‘NOWO €] —-r, rigl—-r, r[ Where] -r, r[ isanopehepherein R

‘; =» ]-r, r[isa neighbourhood of “ 0” '

(ii) NowOe]-r, rfgl—-r, rl] Where] -r, r{ 1sanopenspherem R
= ]-r, 1] is a neighbourhood of ”0”..

(iii) Now 0 e]—r, rle[-r, 7| Where ] — 7, [ isanopenspherein R

= [-r, r{isa neighbourhood of “0”.
(1v) NOW 0Oel-r, rls[-T. r] Where] -1, r[ is an open sphere in R
> [—r r] is anelghbourhood of ”0”

' Mizmm

h ‘o Let (X,d) be a metric space. Let A € X: Let X, be a limit point of A.
: ‘Then every nelghbourhood of x, contains infinitely many pomts of A.

Proof
 Let N bea nelghbourhood of x., then 3 an open sphere Sr (x )

(where 7 >0 ) such that
x, € S;(x,) €N =-mmmmmmmmmmmmen )

We are to prove that N contains infinite points Oﬁ_.AM ______ — D
We pfove it by contradiction method. a .\ ' ' - 1 ;

Suppose N contains finite points of A. |
Then by (1) S» (x,) also contains finite points of A. -
Suppose S.(x,) containsn points xy, Xz, X3, -« - , X, of A.
Then AN Sq(x.) = {X1,%2, X3, - v X }
Let d(xe,x)) =1, =123, ... N

. Let 7' =min (1,72, 3, s Tn)
2




Clearly S,+(x,) contains no point of A differetyt from x..

This shows that, x, is not a limit point of 4. This is a contradiction.

Hence N contains infinitely many points of A

ot
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